
Math 564: Real analysis and measure theory
Lecture 5

Caratheodory's theorem : existence. Every premeasure in on an algebra A on a set X

admits an extension to a measure on the sigma-algebra < A58 .

In fact
, Me is

such an
extension

.

Proof
.

To chow Met MF is otbly additive on <A3a , it is enough to shor that

it is finitely additive becoe: outer measures are atbly subadditive and finite

additivity implies atbl super additivity.
B

Caratheodory's proof . A set B conserves a of S if

mo(s) = M
+ (B1S) + M

* (B' 1S). m els des
(By subadditivity of met , failure of this equality means 2

.)
Call 13 conservative if it conserves every set.

let all denote the collection of all conservative cts. Then we proves
(i) A M.

(ii) all is a T-algebra there contains <Axo).
(iii) Mt is almost by def- ofM) finibels additive on M.

Welave the varification as HW-

Tao's proof . This proof works only for orfinite premeasures, so assume M in 5 finite on A.

We will first proving assuming m in finite
,
and decuce the Definite case from this

,
HW.

We define a pseudo-metric (i.c. metric but maybe te axion
d(x

, 3) =0 =- x = y doesn't hold) M 0(X) -> (0
,M(X)]

Mur(A,B) : = m
+ (AAB)

The secret of symmetric differences
. P(X) with A is an abelian group, with a

as the identity (i . e . P) and each element is its own inverse.



Proof
.
JustKink of P(X) as 24

,
then A is justcoordinate-wise + mod 2.

Claim (a)
.

& is a prenco-metric.
Proof

. Symmety is by definition
,
an well as dulA,A) = M* (AAA) =M *) =0.

For the triangle inequality , let A
,
B
,
Ce X and observe :

AAL = (AAB) a /BaC) = (AAB)U(BAL),
40

y
monot.

MIA,1 =u
* /Ax() = M*AAD)V(BAC)badAD) + MOBAC) = /A, B) +d)B, 4).

let M : = Al the closure ofA inside P(X) wit the pseudo-metric Quo.&

We will show not he is a toalgebra /hears MC <A-8) and M* is finitely
additive on el .

Claim (6) . The function ME : P(X) - 10
,
83 is continuous (wet duel, in fact,

A + MF(A) A-Lipschitz.
Proof

.
Justmote Mat MPIA) = MAIAAD) = &(A, Q) , so
IMPA) - M

=(B)l = 1 dlA ,@ -MalB ,01 = YolA , B) by the A-inequality.

Claim (c). The function P(X) + P(X) is continuous
,
in fact an isometry.

A I As
Proof: Just note Mat AAB = ALAB'

,
so MuxIA, B) = MF/AAB) =M& (A ? B4 =QuoLA?B).

This implies Heatoll is closed under complements : if MEM ,
ten 5 (An) :A

with limAn = M
,
but by continuity
,lin An = M2

,
so McEM.

h+ &

Claim (d)
.

The function P(x)xP(X) -> O(X) is continuous
,
in fart

,
1-Lipsclitz wit

(A ,
B) +> AUB the due + due pseudo-metric on O(XP).

Thus
, same holds for 1A ,B) I AlB because it's a composition of 1-Lipschitz functions ()'aV .



monot
.

schadd
.

↓
Propf Mub(A . UB,

,
AzVB2) = ME/(A . VBI) A (AcUBL) MELIA ,AAV (B ,AB1)

&* (A ,
AAz) + MF/B , ABz) = QualA ,, An + QuolBi, Bu),

where wo check tht (A , UB1) A (AzUB2) = (A , AAc) U(B . AB2).

This implies that all is closed under finite unions
,
hence is an algebra : let

A ,BEI Mun 5 (An)
, (Bul = A with him An = A and him Bu = B , sou

continuity , him AnVBal = ALB , hence AUBEM .

Claim (e)
. Mt is finitely additive on all.

Proof . Let A
,
Bell which are disjoint , in order to show Bt MOSALIB) =MF(A)+M(B).

There are (A1)
,
(Bul = A with linAn = A art linBa =B. By the continuity of

& U

unior
,
lim (AnVBa) = AUB = ALB

. By the continuity of No , we have
n

linME/An) = URA,MMB),undMABMALM M

MFA = M ,

- REIAn1B2) . But by the continuity of 1
,
lin AndBu = AlB =D
U

&

so again by the continuity of Mt, we have him MECAnBa) = MYAMB) =18=
0
,
so MOLAUIB) = lim MOLArVBn

= li u* (A) + him u&(B1) - An M*A-1Bu)
= MF(A) + M

&(B) + 0 .

Claim (f)
.

Il contains all ctbl unions of rets in A.
Proof . Let (An) : A

,
to dow What VAnell . By disjoindification , we waynEN

assume let the An are pairwise disjoint. It's enough to show ht

" en(A)=A otl subadd
An

A , Prove dueILAn , A =MOLAnIFAutO because

Ar

Mo() = M(x)<& .



Unlay
fin .add .

This implies Not all is closed under otel union
,
heave a t-algebra.

Indeed : if(Mn) = M
,
let 330 and take And A so Ans

.2 Mr
,

i . e
. QualAn , Male 24

+ )
. 2. But thenAn and

dmaVAn , UMu) =Edmo , Ma)=2=

So VMu is 3- close to an element of M .

But I is arbitrary and all
LEIN

is closed, hence VMntul.
Y


